A ring of sub-wavelength spaced dipole-coupled quantum emitters possesses only few radiant but many extraordinarily subradiant collective modes. These exhibit a 3D-confined spatial radiation field pattern forming a nano-scale high-Q optical resonator. We show that tailoring the geometry, orientation and distance between two such rings allows for increasing the ratio of coherent ring-toring coupling versus free-space emission by several orders of magnitude. In particular we find that subradiant excitations, when delocalized over several ring sites, are effectively transported between the rings with a high fidelity.
Introduction. -An efficient and controllable energy transfer is significant for a wide variety of applications, ranging from solar energy conversion, near-field communication protocols, and photosynthetic processes, to quantum communication, just to name a few. In all these processes it is crucial to find mechanisms that allow for a minimization of the energy loss. A concrete example is the coupling between two or more conventional optical ring resonators, which can be used for the realization of switches, high-order optical filters or mechanical sensors. This coupling relies on the evanescent field extending outside the waveguide modes, and it can be enhanced by reducing the distance between them, increasing the coupling length or modifying their refractive indices. In a very different context, in light-harvesting complexes such as LHC-II, an intriguing question is whether nature chooses a particular configuration to minimize the energy loss in the transport of the absorbed photon.
In this work, we will focus on excitation transport between two independent chains formed by regularly arranged atom-like emitters and show how subradiance can aid this process. In particular, we will show that chains of atoms forming two rings can reduce the energy loss and enhance the fidelity in the excitation transport between them.
Spontaneous photon emission from a single excited atom in free space is strongly modified by identical emitters in the ground state nearby. Dipole-dipole coupling leads to the appearance of fast decay via superradiant states as well as long-lived subradiant behavior [1] [2] [3] [4] [5] . Energy shifts originating from coherent dipole-dipole coupling [6] lead to a broadening of the collective energy spectrum strongly growing with smaller atomic distances [7] . The properties of these collective states strongly depend on the geometry of the dipole arrays [1, 8, 9] . While superradiance is a well-known experimental phenomenon, subradiance is much more elusive [10] . As shown before, excitons become perfectly dark in an infinite chain of sub-wavelength spaced dipoles [11] when their wave-vector surpasses the free-space photon wavevector. For a finite chain of emitters the maximal excited state lifetime grows with the third power of the atom number N as photon emission only occurs at its ends [4, 7] . As excitations are efficiently guided without dissipation as in a thin optical fiber [12, 13] this should have useful applications for efficient optical photon storage [4] . Low loss guiding studies have also been performed for chains of gold nano-particles [14] .
As a central new phenomenon, we study the excitation transfer between two separate dipole arrays. Although the strong transverse field confinement of subradiant states leads to an exponential suppression with distance between two parallel chains, energy eventually is still transferred between them with an almost negligible loss [12] . Here, we focus on chains folded into rings, which as shown and discussed in Ref. [4] of dipoles at small distances in this sense implements a minimalist form of an optical ring resonator as depicted in Fig. 1 , which, in principle, can exchange energy with a second nearby ring.
As with conventional fiber-optical ring resonators we study how two such rings can be coupled via their mode overlap at a minimal free-space radiation loss. Efficient coherent coupling between two long-lived states is one of the central ingredients needed in distributed quantum computing [15] . Surprisingly, the subradiant states of individual rings feature a slower but much more efficient ring-to-ring energy transfer than superradiant states.
Note, that many light-harvesting complexes such as LHC-II in biological systems exhibit a structure made out of coupled dipole rings [16] [17] [18] . While modeling them realistically certainly requires a much more detailed and sophisticated description, a corresponding simplistic model of eight outer rings commonly coupled to an inner ring [19] shows a wealth of complex and nontrivial dynamics with evidence of coherent excitation propagation already [19, 20] . In our toy model inspired by this geometry, dark states play an essential role in the coupled dynamics and energy transfer between the rings.
System. -Let us consider N identical two-level quantum emitters with given dipole orientations (denoted bŷ ℘ i , i = 1, . . . , N ) positioned in a regular ring with interparticle distance d [see Fig. 1(a) ]. The emitters can be excited by an external field, and we assume that they have a significant optical response in a narrow bandwidth around their resonance frequency ω 0 only. Integrating out the photonic degrees of freedom, and in the Born-Markov approximation, the internal dynamics of the atoms are governed by the master equationρ
The Hamiltonian in a frame rotating at the atomic transition frequency ω 0 reads
and the Lindblad operator is
The dipole interaction and collective decay matrices with elements Ω ij and Γ ij , respectively, are given by
where G(r, ω 0 ) is Green's tensor in free space, which acts on an oscillating unit dipole according to
Here,r = r/|r| is the position unit-vector, k 0 = ω 0 /c is the wavenumber associated with the atomic transition, and Γ 0 = |℘| 2 k 3 0 /3π 0 is the spontaneous emission rate of a single emitter with dipole moment strength ℘.
After solving for the atomic density matrix the quantum fields can be obtained from a generalized input-output relation [4, 21] , which in absence of an external field reads:
In the following, we will consider the single-excitation manifold to be significantly occupied only. In this case, for the observables of interest (such as the fields generated by the ring or the excited state population) we can neglect the recycling term (first term in the Lindblad expression). This term accounts for the change in the ground state population, which does not modify said observables. Then, the system can be fully understood from the properties of the eigenstates of an effective Hamiltonian (containing the other two terms of the Lindblad expression only). It reads
with Ω ii = 0, as all the emitters are identical and a finite value would represent a global energy shift in the Hamiltonian only.
Collective Excitations and Radiative Properties of a Single Ring. -We start by analyzing a single ring of N dipole-coupled quantum emitters. The eigenstates of H eff define a set of collective modes with associated complex eigenvalues, whose real and imaginary parts correspond to the collective frequency shifts and decay rates, respectively.
For a symmetric ring, where the dipole orientations preserve the rotational symmetry (e.g. if the dipoles are oriented perpendicularly to the plane of the ring, or tangentially to the ring), the collective modes in the single-excitation manifold are perfect spin waves given by |ψ m =σ eg m |g , with
This is contrary to the case of a finite one-dimensional open chain, where the spin wave approximates the exact solution only [4] . Here, θ j = 2π(j − 1)/N is the angle associated with position j (j = 1, · · · , N , see Fig. 1 ), and m = 0, ±1, ±2, · · · , ±(N − 1)/2 corresponds to the angular momentum of the mode. In these states the single excitation is completely delocalized over all sites, and its angular momentum is well defined. The corresponding eigenvalues are Here, G j ≡℘ * j · G(r j − r , ω 0 ) ·℘ includes the dispersive as well as the dissipative coupling of sites j and . Note that, due to the rotational symmetry, the coupling is invariant under a translation along the ring, i.e., G j = G j+1 +1 . The real and imaginary parts of these eigenvalues define the collective frequency shifts and emission rates of the mode J m = Re{λ m } and Γ m = −2Im{λ m }, respectively. It is easy to see that the spectrum will be symmetric under m ↔ −m, that is, λ m = λ −m . We note that the mode m = 0 is always non-degenerate, whereas the eigenstates with a maximum value of m will be doubly-degenerate if N is odd. Intuitively, as we decrease the inter-particle distance d with respect to the light wavelength λ = 2π/k 0 , we expect to approach the Dicke limit [22] . In this limit the emitters are so close that the range of the interaction is effectively infinite, yielding a single bright mode decaying at rate Γ = N Γ 0 , and N − 1 perfectly dark modes. This is indeed the case if the polarization is transverse, as it is shown in Fig. 2(a) , where we have plotted the collective decay rates as a function of the decreasing particle separation. For tangential polarization, on the other hand, there are two bright modes corresponding to m = ±1 with a decay rate Γ = N Γ 0 /2, while m = 0 is dark by symmetry [see Fig. 2(b) ].
We can observe this linear scaling of the decay of the most radiant mode with the number of emitters by gradually increasing the density of a ring of constant size. This is shown in Fig. 2(c) for transverse polarization. In addition, the covered frequency spectrum becomes increasingly larger as the ring gets denser. The polarization orientation will determine whether the dark or bright modes are lower or higher in energy. For instance, for transverse polarization, bright modes are lower in energy, whereas for tangential polarization (closer to a head-tail configuration of the dipoles) bright modes are higher in energy.
Moreover, the modes of the ring feature extraordinary radiative properties in contrast to an open linear chain. In particular, for a large enough number of emitters there exist subradiant modes whose emission is strongly suppressed. Indeed, if we increase the number of emitters while keeping λ/d constant, the system will start to locally resemble an infinite chain. The radiative properties of the infinite chain have been studied in detail in [4] . Interestingly, dark modes in an infinite chain correspond to spin waves characterized by a wavevector along the chain which is larger than k 0 . In this case the eigenmode generates an evanescent field transversally to the chain and therefore the emitters can guide light perfectly, as if they were a real fiber. For the finite chain, these modes retain a small decay rate since a photon can still scatter off the ends of the chain. However, by bending and closing the chain to form a ring, an increased lifetime of the excitation can be achieved. As observed in Ref. [4] , for a large enough ring, there is an exponential suppression of the decay rate with the number of emitters, in contrast to the polynomial suppression (∼ N −3 ) observed for the open linear chain. A comparison of how the smallest decay rate scales with the atom number in the two cases is shown in Fig. 2(d) .
Next, we show that the electromagnetic fields generated by a superradiant or a subradiant eigenmode can be radically different. Using Eq. (6) we evaluate the fields in Fig. 3 in real space for a ring with tangential polarization. The fields of the most subradiant (left column) and a radiant eigenmode (right column) are depicted. In addition to the difference in the magnitude of the fields, we find a remarkably distinct radiation pattern. In the case of a subradiant mode, the field is evanescent transversally to the plane that contains the ring, and moreover, it vanishes at the center of the ring. The radiant state, on the other hand, causes strong emission in the transverse direction, and shows an interference maximum at the center of the ring.
Tailored Collective Coupling of Two Rings. -As previously discussed in Ref. [4] and presented in more detail above, single rings have very intriguing radiative properties. We will, however, now continue with the study of two coupled rings which lie in the same plane and are separated by a distance x [see Fig. 1(b),(c) ]. In particular, we study how excitations are transferred from one ring to another with minimal loss. While superradiant states possess the strongest dipole moments and thus couple strongly to neighboring dipoles, they also feature a much faster decay. The effective Hamiltonian, Eq. (7), can be rewritten as the sum of intra-ring and ring-ring coupling terms,
withĥ i,j = h i,j σ eg i σ ge j and h i,j ≡ −(3πΓ 0 /k 0 )G ij . As a shorthand notation, we defined two sets of indices, one for the sites in the first ring, R 1 = {1, 2, ..., N }, and one for the sites in the second ring, R 2 = {N + 1, ..., 2N }, respectively. The last term describes the coupling between the two rings, and it can be written in the angular momentum basis, i∈R1, j∈R2ĥ
where J m1,m2 = Re{λ m1,m2 } is the dispersive and Γ m1,m2 = −2Im{λ m1,m2 } the dissipative coupling, and
In Fig. 4(a),(b) , we show the dispersive and dissipative couplings as a function of the angular momentum of the two rings m 1 and m 2 . We use the configuration shown in Fig. 1(b) with a fixed separation between the two rings x = λ/2 and tangential polarization. The white dashed line in Fig. 4(a)-(c) represents the light line beyond which the states are predominantly subradiant. We observe that subradiant states mainly couple dispersively to other subradiant states, whereas radiant states couple to other radiant states with large dissipation. Furthermore in Fig. 4(c) we show the ratio η m1,m2 ≡ J
This is a figure of merit that quantifies how efficiently two modes in the two rings are coupled, and thus, how efficiently an excitation can be transferred between them. Remarkably, the ratio ηm 1 ,m 2 on a logarithmic scale. We consider two rings in spin-wave states with well-defined angular momenta m1 and m2. The rings are contained in the same plane and separated by the distance x = 0.15λ, in the configuration shown in Fig. 1(b) . The dashed white line denotes the light line, beyond which the modes are mainly subradiant. Subradiant states primarily couple dispersively to subradiant states. Moreover, η is maximal for subradiant states with an opposite value of angular momentum. we find that in the subradiant sector, η is non-negligible for states where m 1 = ±m 2 only. Moreover, it is several orders of magnitude larger for m 1 = −m 2 , that is, for two guided modes that propagate in opposite directions in the two rings. This result indicates that in the subradiant regime the physics is well captured by a two-mode model consisting of the two states with m and −m.
We also note that the efficiency in the coupling strongly depends on the particular configuration of the dipoles. As the separation between the rings increases, the maximum value of η displays oscillations with an overall decay. This is shown in Fig. 4(d) , where we have evaluated η max = η m1=N/2,m2=N/2 for N = 10 as a function of the rings' separation x. Interestingly, a different configuration such as the site-edge arrangement illustrated in Fig. 1(c) can yield a dramatically different result. In this case, it is easy to see that due to symmetry, the fields created by the two rings in the m = N/2 mode completely destructively interfere yielding a coupling which is exactly zero.
Efficient Excitation Transfer between Two Rings. -According to the previous results for the couplings, we might expect that if one of the rings is initially prepared in a very subradiant state, the excitation oscillates between the two rings for a very long time before it finally decays.
Up to now we have considered eigenstates of the system which are fully delocalized in space. This gives more insight into the native behavior of the system than investigating single excited sites. However, excitations in reality will often be partially (de-)localized only. This leads to the natural question whether it is still possible to achieve an efficient excitation transport between the two rings for a multi-mode wave packet. In the following, we investigate the dynamics of a wave function initially prepared in the form
This corresponds to a wave packet with a Gaussian population distribution centered at site k in the ith ring with an angular spread ∆θ (wave packet width R · ∆θ) and central momentum m. The constant n accounts for the normalization. An infinitely wide wave packet of this form represents the eigenstate given by m. On the other hand, if the wave packet is of zero spread, only the atom at the site given by the index k is excited.
For a mode guided by the first ring with momentum m, it is only natural that it will invert its direction upon being transported to the second ring. This is a more intuitive picture of the previous result that the coupling is optimal between modes with opposite m. Thus, for a finite width wave packet, we expect that it is transferred into a wave packet with the same shape but central momentum −m. Therefore, we evaluate the fidelity F(t) of creating this wave packet in the second ring as
where we maximize over the site index k in the second ring since we do not know the (center) position of the wave packet created there at all times. The wave function |Ψ(t) is given by the time evolution with H eff with the initial condition |Ψ(0) = |Ψ m 1,k . In Fig. 5(a) we show the maximal fidelity during time evolution as a function of the ring separation as well as of the width of the initial wave packet for two rings with N = 20. We start out with a wave packet centered at the site that is farthest from the second ring. The momentum is chosen to be m = N/4 such that all modes the packet is made up of have momenta of the same sign. As one can see, the fidelity is rather low as long as the width is small, i.e., the excitation is localized at one site almost perfectly. However, for a comparably small width in real space already, the wave packet is sufficiently localized in momentum space to exhibit coherent transport. The fidelity grows to values larger than 90% quickly as the width increases, indicating a reliable transport of a subradiant wave packet from the first ring to the next. Moreover, the transport is best if the separation between the rings is comparable to the inter-particle distance. This is due to the change of the energetic shifts of neighboring atoms with their separation: if the atoms at the points where the rings are closest are too far (or too close) to one another, the shifts vary greatly, effectively detuning these atoms far from the rest. Excitations can then no longer propagate.
In Fig. 5(b) we plot the fidelity of the same wave packet being transported as a function of time. The wave packet oscillates between the two rings with the same period for both finite and infinite width. The amplitude, however, damps out considerably faster for the case of a finite width. Nevertheless, a large fidelity is achieved even when the initial state is not a perfect eigenstate of the system.
Conclusions. -We started off by showing that a single ring of dipole-dipole coupled emitters exhibits peculiar radiative properties. Specifically, the lifetime of subradiant states prepared in such a ring increases exponentially with a growing number of atoms. Accordingly, the intensity emitted from a ring when a subradiant state is prepared is largely diminished compared to a superradiant state.
We then showed that if another ring is present, optimal coupling occurs between subradiant states of each ring. An excitation that is sufficiently delocalized and moving with a velocity along one ring that closely corresponds to the momentum of an eigenstate that is subradiant can be transported to another ring with a large fidelity. This reliable coherent transport takes place for a comparably small delocalization already and culminates in damped Rabi-like oscillations between the rings once the excitation is spread over the entire first ring. Note that beyond the two-level approximation analogous bright and dark states also appear in more complex level structures with several decay channels [23] . Hence much of the physics discussed here should also hold in rings of particles with a more complex internal structure.
